SOLUTIONS TO EXAM 3, MATH 10560

1. Calculate

2
lim (Inn)
n—oo n
Solution: Use L’hospital rule:
Inz)? Inz)2)’ 211 2Inz)’ 2
lim ﬂ: lim M: lim 2T lim (21n z) = lim £=0
I—00 T I—00 T n—o00 1 I—00 T z—o0 1
2. Fmdz 5n T
Solutlon
2 N4t SNAAvt A 4, 41 20
23.5%1—23.5%1—23.5%1—52(5) T31_47 37
n=1 n=1 n=1 n=1 5

3. Discuss the convergence of the series
> (_1)n+1

2

Solution: It converges conditionally. It’s an alternating series and b, = ﬁ Since

b, is decreasing and the limit of b, is zero the alternating series converges by the
n+1
Alternating Series Test. But the series z |<

n=2

| = Z diverges since it’s a p
series and p = % < 1.

4. Use Comparison Tests to determine which one of the following series is divergent.
o o

1 1
Solution: (a) Z 3 converges by comparison with Z —3, a p-series with p =

3 —1n2+ 1 _1n2z
->1
2
(b) Z TS converges by comparison with Z 3 a p-series with p =2 > 1.
n=1 w n=1
9] ’]’L2
(c) Z m diverges by limit comparison with Z —, a p-series with p = 1.
n
n= 1

5
d) Z 7(6) converges since it is a geometric series with r = 5 < 1.

1
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o oo
1 1
E n (5)” converges by comparison with E (5)”, a geometric series with

n=1

N
_l_
—

5. Which series below is the MacLaurin series (Taylor series centered at 0) for 1‘3_—2 ¢
Solution:

_ .2 n __ n_n+2
= =z (—x)" =) (=1)"z""=.

6. Find the degree 3 MacLaurin polynomial (Taylor polynomial centered at 0) for the

function

eLL‘

1—z2

OO:I:TL 1 oo

Solution: exzzﬁ, T2 Z:I:Q". Thus
n=0 n=0

e’ 1 $2 1’3 2 3 2 7 3

m:eWm:(1+gr:+?JrgjL...)(lJr:c —|—...):1—i—x—|—§x +6$ +ee

7. Which series below is a power series for cos(y/z) ¢
oo

2n
Solution: Since cosz = Z(—l)”% , we have
n)!
n=0
IR CAD R
n=0 n=0
8. Calculate
th sin(2?) — 23
T— X
i :L.Qn—i-l
Solution: Since sinz = » (—1) , we have
|
o (2n+1)
0 26n+3
sin(a?) =) (~1) :
|
= (2n+1)
and
sin(23) — 23 L GYNE AU —?j—i—

| =

20 9 2—0 9 £—0 9
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9. Does the series

— (n))"

Z n2n

n=1
converge or diverge? Show your reasoning and state clearly any theorems or tests you
are using.

n!)” n!
Solution: Let a,, = (71221 = (E)” Since
n! n—1
lim — = lim - (n—2)! = oo,
n—oo n, n— 00 n
we have
Jim an = Jim ()" = o
Hence hm an # 0. By the Test for Divergence, the series is divergent.

(In n)2

10. Use the Integral Test to discuss whether the series Z converges.

(Inz)?

Solution: Let f(x) = . It is continuous and positive when x > 1. Note

2lnz — (Inz)?>  Inz

f/(x): 22 -2 (2—1Inz).

Then f'(z) < 0 and hence f(z) is decreasing for z > e2. Therefore, we can use the
Integral Test. Next,

® (] 2 t 1 3 Int)3
/ (Inz) dr = lim [ (Inz)?d(Inz) = lim (n3m) i = lim (Int) =
1

T t—oo Jq t—o00 t—o00 3

0 (1 2
Hence the improper integral / (In )

1 X
g (Inn) diverges.
n

n=1

dx is divergent. By the Integral Test, the series

11. Find the radius of convergence and interval of convergence of the power series

3 (7%” (z—3)"

n=1
=4
n
JLHC}O“TT'” H)oﬂy 3=z -3 <L

Hence, the radius of convergence 1s 1, and from ]3: 3] < 1 we get 2 < x < 4. For the end

Solution: Set a,, = (x — 3)". Using the Ratio Text,

1
points, when x = 2, the series is Z Z Which is divergent since it is

n=1
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o (=D)"()"
a p-series with p = % < 1; when x = 4, the series is E ~————— which is convergent
LD
n=1
since it’s an alternating series, and b, = - are decreasing and lim — = 0. Hence,
Vn n—oo \/MN

the interval of convergence is 2 < x < 4.

12. (a) Show that

provided that |z| < 1.
(b) Find

S (="
Z (2n + 1)(\/§>2n+1'

n=0

Solution: (a) Since |z| < 1, we have |22| < 1. Hence

[e.9] [e.9]

1 1
1+a2 1- (—22) - Z(_xQ)n - Z(—l)"wQ".

n=0 n=0

(b) Integrate both the left and right hands of (a) to get
- 1
/Z(—l)"x2"dx = / ——dx
14 2
n=0
= i/(—l)":p%d:n :/ ! dz
— 1+ 22

o0 p2n+1
n —
= nEZO(—l) 1 arctanx + C.

Letting = 0, we have C' = 0. Hence, we have

0 p2n+l
7;)(—1)” 1 arctan x.

Let z =




